This paper introduces stabilization techniques for intrinsically unstable, high accuracy rational approximation methods for strongly continuous semigroup. The methods not only stabilize the approximations, but improve their speed of convergence by a magnitude of up to 1/2.
Preliminaries
The Lax-Richtmyer Equivalence Theorem and the Chernoff Product Formula play an important role in the analysis of approximation methods for semigroups. One of the main ingredients in both results is the stability of the approximation method under consideration. This paper deals with variants of these theorems that cover stabilization techniques for intrinsically unstable approximation methods. To put the results into perspective, recall the statement of the Lax-Richtmyer Equivalence Theorem. Suppose that A generates a strongly continuous semigroup T (·) on a Banach space X and let {V (t); t ∈ [0, τ]} be an approximation scheme of bounded linear operators with V (0) = I that satisfies the consistency condition
for all x in a set D ⊂ D(A) (the domain of A) that is dense in X. Then it was shown by Lax and Richtmyer in 1956 [21] (with a stronger consistency condition) and in final form by Chernoff in 1974 [6] that the following statements are equivalent (for also [10] ): (i) V (0) = I is stable; i.e, there exist ω ≥ 0 and M, τ > 0 such that V ( 
n x = T (t)x for all t ≥ 0 and x ∈ X. If more information on the approximation schemes is available, error estimates can be given. Based on earlier work by Hersh and Kato [16] , this was done by Brenner and Thomée [4] for approximation schemes V (t) := r(tA) defined by rational functions r = P Q (P, Q polynomials) with the following two properties. n x − T (t)x can be estimated (see Theorem 1.2 below). The estimates can be improved if r satisfies the condition ( * ); i.e., if
for some positive integer q as s → 0 (iii) Reψ(s) ≤ −γs p for |s| ≤ 1 and some even integer p ≥ q + 1. If r is an A-stable rational approximation of the exponential and if either (a) A generates a bounded analytic semigroup or (b) A generates a strongly continuous semigroup T (·) on a Hilbert space satisfying T (t) ≤ e ωt , then the approximation scheme V (t) := r(tA) is stable (see, [27] and [16] ). In general, the following result is the best possible. 2) where p and q are as in the definition of condition ( * ).
The estimate (1.1) is sharp for the Crank-Nicolson scheme r(z) = 2+z 2−z and A = d/dx on C 0 (R) (see [17] ) or on the closure of D(A) in L ∞ (R)(see [5] ). Examples of A-stable rational approximations r = (see [4] , [3] , [9] ). Let r = P Q be of Padé type with deg(P ) = deg(Q)−1. Then it was shown by A. Ashyralyev and P. Sobolevskii that V (t) = r(tA) is stable if and only if A generates a strongly continuous semigroup (see [2] , Theorem II.1.2.) Observe that the condition "deg(P ) = deg(Q) − 1" implies that the Padé approximation order m = deg(P ) + deg(Q) must be odd; i.e., in general, approximation schemes V (t) = r(tA) may not stable for Padé approximations of even order (see also Table 2 below).
Examples of rational Padé approximations of odd order are the Backward Euler scheme (m = 1), the third-order scheme r(z) = For generators A of analytic semigroups T (·), the error analysis of V ( t n ) n x−T (t)x for rational approximation schemes V (t) = r(tA) is well understood. For such semigroups, the following key estimates are due to M. Crouzeix, S. Larsson, S. Piskarev, V. Thomée and L.B. Wahlbin (see [22] and [8] ). For any A-stable rational approximation scheme r and V (t) = r(tA) one has that V (·) is stable and V ( for Re(z) ≤ 0 and some normalized function µ of total bounded variation; see also [17] , [19] . To see how this functional calculus leads to error estimates for V ( t n ) n x − T (t)x with V (t) := r(tA), observe first that using partial fractions, one obtains that all Astable rational functions r can be represented as in (1.4) . Now take an A-stable rational approximation r of the exponential of order m such that |r(z) − e z | ≤ M |z| m+1 for |z| sufficiently small. If Re(z) ≤ 0, the binominal formula yields 
as n → ∞, it is not surprising that µ t,n → H t in the L 1 -norm (with precise error estimates). It has to be pointed out that the proof of these facts is non-trivial and at the heart of the Brenner-Thomée and Hersh-Kato papers; for Laplace transform proofs of these statements, see [17] or [20] . By the Hille-Phillips functional calculus,
for all x ∈ D(A). Therefore, for bounded semigroups,
Together with error-estimates for the L 1 -norm of µ n,t − H t and its antiderivatives, this is the main structure of the proof of the Brenner-Thomée result below (which appears in more general form as Theorem 3.2.1 of [17] and is a refinement of ground-breaking results of Hersh and Kato [16] ; see also [20] ). 
for every t ≥ 0, n ∈ N, and x ∈ D(A s ), where
For stable rational approximation schemes the factor ln(n + 1) can be removed from (1.6) above (this was shown for m=1 in [12] and, for arbitrary m, in [17] For initial data x ∈ D(A s ) with 0 ≤ s ≤ m + 1 and without further assumptions on the A-stable rational approximation r of the exponential function defining the approximation scheme V (t) = r(tA), the Banach space X, or on the semigroup T (·), Table 1 contains the following "negative messages," predicting for V ( In summary, without further assumptions on the semigroup T (·) generated by A (like analyticity) or on the space X (like X Hilbert space and if not. The purpose of this paper is to show that for generators A of strongly continuous semigroups all approximation schemes V (t) := r(tA) defined by A-stable approximations r of the exponential of approximation order m can be stabilized by m + 1 power-scaled Backward Euler steps and that the stabilization methods not only stabilize the approximations, but improve their speed of convergence by a magnitude of up to 1/2 if r does not satisfy condition ( * ). At this point we recommend a glance at Corollary 2.5 to get a feel for the types of results to be discussed in the following section.
Stabilization
If A generates an analytic semigroup, then all approximation methods V (t) = r(tA) defined by A-stable rational approximations r are stable and V ( t n A) n x → e tA x for all x ∈ X. However, if r(∞) = 1 (e.g., Crank-Nicolson), then the convergence can be arbitrarily slow for non-smooth x ∈ X. R. Rannacher [26] , and in final form A. Hansbo [15] , combined the high accuracy of the Crank-Nicolson scheme with the smoothing properties of the Backward Euler scheme to provide a remedy (for extensions, see [12] ). More precisely, let r, r s be A-stable rational approximation schemes such that the high accuracy approximation r has order m, the stabilizing approximation r s order m − 1, and r s (∞) = 0. Then, if A generates an analytic semigroup and R(λ, A) exists for all λ ≥ 0, the stabilized approximation scheme V n (tA) := r(
n m x for all x ∈ X. In this section we consider generators A of strongly continuous semigroups T (·) on a Banach space X that are not necessarily analytic. As explained above, an approximation scheme V (t) = r(tA) defined via an A-stable rational approximation r of the exponential function is always consistent but may not be stable. Then, by the Lax-Richtmyer Equivalence Theorem, there exists x ∈ X such that V ( t n ) n x does not converge to T (t)x. However, the following result shows that all such approximation schemes can be stabilized by taking first m + 1 modified Backward Euler steps (I − t α n α A) −1 for some appropriately chosen 0 < α < 1. Moreover, it will be shown that by stabilizing V (t) = r(tA) defined by an A-stable rational approximation scheme r that does not satisfy the condition ( * ), the speed of convergence can be improved from n −s+ 
Theorem 2.1 Let A be the generator of a strongly continuous semigroup T (·) on a Banach space X. Define V (t) := r(tA), where r is an A-stable rational approximation of the exponential of approximation order m and a stabilizing scheme
, and all sufficiently large n ≥ m + 1. Furthermore,
Proof. Choose M ≥ 1 and ω ≥ 0 such that
and observe that lim n→∞ W (
for all x ∈ X since A generates a strongly continuous semigroup (see [1] , Proposition 3.1.9). The second term of ( ) can be estimated by using the binomial formula; i.e.,
. By ( ) and (2.10), for τ > 0 there exists M τ such that if the approximation rate m is odd. 
, and
With this choice of the coefficients a i and some basic algebra, the stabilizer W (t) can be represented in the form 
for all x ∈ X. Furthermore, for all τ > 0 there exists a constant M τ such that
, and all sufficiently large n ≥ m + 1.
Proof. Fix 1 ≤ k ≤ m + 1 and let W (·) be as in (2.11) . Then, for all x ∈ X,
By 
We proceed to estimate
Since the family W ( t n ) is uniformly bounded and lim n→∞ W ( t n )x = x for all x ∈ X, it follows that the second term in ( ) converges to zero; i.e.,
, then it follows from (2.16) that there exists C τ > 0 such that
for all 0 ≤ t ≤ τ . To discuss the first term in ( ), recall from the Brenner-Thomée estimate (1.5) with s = m + 1 that there are C, c > 0 such that
Therefore, for all τ > 0 there exists K τ > 0 such that
. Furthermore, combining (2.17) with (2.18) yields that for each τ > 0 there exists
. Thus,
As Theorem 2.2 shows, by conditioning rational approximation schemes of order m by first applying k-stabilizers of the form (2.11) yields (a) convergence for all x ∈ X and (b) convergence of order 
where α = m m+3 and 0 < b 1 < b 2 (see (2.11) and (2.12) ). By keeping track of the constants, it follows from the proof of the previous theorem for k = 2 that The stabilizations of rational approximation schemes for strongly continuous semigroups (Theorems 2.1 and 2.2) and analytic semigroups (see [12] , [15] , [26] ) have an abstract extension that can be viewed as a stabilized version of the Lax-Richtmyer Equivalence Theorem (i.e., a stabilized Chernoff Product Formula). The proof of the stabilized Chernoff Product Formula requires a stabilized version of the Trotter-Kato Theorem; the stabilized Trotter-Kato and Lax-Chernoff Theorems were first proved (for the case j = 1) by Y. Zhuang in [28] . Proofs of the stabilized versions of the Trotter-Kato Theorem and the Chernoff Product Formula may be found in [24] . 
To see how this result can be used here, recall from the Brenner-Thomée Theorem 1.2 that if V (t) := r(tA) for an A-stable rational approximation r of the exponential of approximation order m, then V (
Ax for x ∈ D(A). Thus
and there exit M 0 , ω 0 such that, for all t ∈ [0, τ], x ∈ D(A), and n > 1 
